An ideal I of a (non-associative) algebra A is dense if the multiplication algebra of A acts faithfully on I, and is complementedly dense if it is a direct summand of a dense ideal. We prove that every complementedly dense ideal of a semiprime algebra is a semiprime algebra, and determine its central closure and its extended centroid. We also prove that a semiprime algebra is an essential subdirect product of prime algebras if and only if, its extended centroid is a direct product of fields. This result is applied to discuss decomposable algebras with respect to some familiar closures for ideals.
Introduction
Throughout this paper we will deal with algebras over a field K which are not necessarily associative or unital. Let A be an arbitrary algebra and let L(A) stand for the algebra of all linear operators on A. For a ∈ A, we will denote by L The set (S ann ) ann is called the ε-closure of the subspace S of A, and will be denoted by either S or S ∧ . A subspace S of A is said to be a dense subspace of A if A = S, that is to say whenever S ann = 0. As usual, for each ideal I of A, the annihilator of I in A, denoted here by Ann A (I) (or simply Ann(I) when the algebra A is beyond any doubt), is defined as the largest ideal J of A such that IJ = JI = 0. The π-closure of I is defined by I := Ann(Ann(I)).
The ideal I is said to be π-closed (respectively, ε-closed) whenever I = I (respectively, I = I). An ideal I of an algebra A is said to be a complementedly dense ideal of A whenever there exists an ideal J of A such that A = (I ⊕ J)
∧ . Simple examples of complementedly dense ideals are the direct summand ideals and the dense ideals.
Recall that an algebra A is said to be semiprime if I 2 = 0 for every nonzero ideal
As it is made clear below, the algebras with zero annihilator in which every ideal is complementedly dense are precisely the multiplicatively semiprime (in short, m.s.p.) algebras, that is to say semiprime algebras with semiprime multiplication algebra. Algebras with a semiprime multiplication algebra were first studied by Jacobson [17] and Albert [1] (see also [18, pp. 1090-1091] ) in a finite-dimensional context. Without any restriction on the dimension, a systematic study of these algebras was initiated in [5] . While the behavior of the m.s.p. algebras with respect to the extended centroid and the central closure was previously established in [14] (see also [11] ). The concepts of extended centroid and central closure for semiprime algebras were introduced and developed by Baxter and Martindale in [2] . Later, another approaches to these concepts have appeared in the literature (see [19, §3; 20, §32] ). At this point, we draw attention to the fact that the dense ideals of semiprime algebras memorize the extended centroid [12] . The aim of this paper is to initiate the study of complementedly dense ideals, by determining the extended centroid and the central closure of such ideals in a semiprime context, as well as to discuss the decomposable algebras with respect to the π-and ε-closures. Our results have the same flavor that some of the ones obtained by Birkenmeier, Park, and Rizvi in [4] for the ideals I of a ring R such that I is a "dense ideal" in a direct summand of the maximal right ring of quotients of R. Section 1 is introductory and is intended to establish the notation used and to examine the relevant material on the central closure Q A and the extended centroid C A of a semiprime algebra A. Section 2 is devoted to study the central closure of dense ideals, which will become a key step in obtaining our first goal. We prove that, for every dense ideal B of a semiprime algebra A, we have that B is a semiprime algebra, C B = C A , and Q B = C A B is a dense ideal of Q A . In Sec. 3 we study the central closure in subalgebras of Q A of the form eA, where e is an idempotent of C A . We prove that eA is semiprime, C eA = eC A , and Q eA = eQ A . Some applications to ideals and to quotient algebras are indicated. In Sec. 4 we give some properties of complementedly dense ideals, and as main result we show: If I is a complementedly
Preliminaries on Extended Centroid and Central Closure
Given a unital commutative associative algebra C, by a C-algebra we mean an algebra Q endowed with a bilinear map (λ, q) → λq from C × Q to Q satisfying the following properties λ(pq) = (λp)q = p(λq), (λµ)q = λ(µq), and 1q = q for all λ, µ ∈ C and p, q ∈ Q. As a consequence, we have 
In the case that A has zero annihilator, the map z → L z allows us to regard Z A as a subalgebra of Γ A , and Γ A becomes the largest unital commutative associative algebra C such that A can be regarded as a C-algebra with Ann C (A) = 0, where
A partially defined centralizer (in short, p.d.c.) on A is a linear map f : I → A whose domain is a nonzero ideal I of A, such that f (ax) = af (x) and f (xa) = f (x)a for all a ∈ A and x ∈ I.
Recall that an ideal D of A is said to be essential if D ∩ I = 0 for any nonzero ideal I of A. An essentially defined centralizer (in short, e.d.c.) on A is a p.d.c. on A whose domain is an essential ideal of A. Now, assume that A is a semiprime algebra. The relation defined on the set E of all essentially defined centralizers on A by g h if and only if, there exists f ∈ E such that g and h are extension of f , is an equivalence relation. The set C A of all equivalence classes [f ] under the operations induced by addition, multiplication by scalars, and composition of partially defined operators becomes a von Neumann regular unital commutative and associative algebra called the extended centroid of A [2, Theorem 2.5]. Moreover, each equivalence class in C A contains a unique maximal e.d.c. on A, a fact that allows us to avoid the passing to the quotient in the definition of C A [15, Theorem 1] . In this way, each λ ∈ C A can be seen as a maximal p.d.c. from an essential ideal dom(λ) into A, and Γ A can be regarded as the subalgebra of C A consisting of all totally defined centralizers on A.
Let A be an algebra, and let Q be an algebra extension of A. It is easy to see that if A is a dense subalgebra of Q, then, for each F ∈ M(A), there exists a unique F ∈ M(Q) such that F (a) = F (a) for every a ∈ A. Moreover, the map F → F becomes a canonical algebra embedding M(A) → M(Q). As a consequence, Q has a natural structure of left M(A)-module given by
By abuse of notation, we will write F (q) instead of F · q, and M(A)(q) instead of M(A) · q. Note that, if C is a unital commutative associative algebra such that Q is a C-algebra, and Q is generated by A as a C-algebra, then, as a consequence of (1.1), A is a dense subalgebra of Q.
The central closure Q A of a semiprime algebra A is defined as the quotient of the tensor product C A ⊗ K A by the so-called vanishing ideal of A (see [2] for details). However, in order to work comfortably with the central closure we will prefer to take advantage of the characterization given in [11] , which reads as follows. (P1) Q A is an algebra extension of A, and Q A is generated by A as a Γ QA -algebra (and hence A is a dense subalgebra of Q A ). 
Proof.
(1) For a given q ∈ M , by property (P2), there exist essential ideals D 1 and
we can take an essential ideal D of A such that
Now, by property (P3), we conclude that f
for all x ∈ D and F ∈ M(A). Therefore, DM(A)(f (q) − λq) = 0. Hence, by property (P3), f (q) − λq = 0, and so f (q) = λq. By the arbitrariness of q in M , the result follows.
As a consequence we deduce the following property of the central closure. 
Recall that, given a semiprime algebra A, for each subset S of Q A , the annihilator of S in C A is defined by
The next result is well-known (cf. [ 
Let A be a semiprime algebra. The set B A of all idempotents in C A has a partial order given by e ≤ f if e = f e. Moreover, B A is a Boolean algebra for the operations e ∧ f = ef, e ∨ f = e + f − ef, and e * = 1 − e.
On the other hand, the set I , and its inverse is the map I → e [I] . As consequences, we have:
For a given algebra A, the ε-closure enjoys a relevant property, namely the property of continuity [5 In what follows, frequent use is made of these relationships, often without explicit mention. Note that, as a consequence of the first inclusion, the dense ideals of A are essential ideals, whenever A is an algebra with zero annihilator.
Next result collects some consequences of Proposition 1.4 and Theorem 1.5. Proof.
(1) Let S 1 and S 2 be subsets of [I] . On the other hand, since A = I ⊕ Ann(I), it follows that
and
A, we deduce that
For any semiprime algebra A, we denote by
, that is to say generated by Id QA and the set {L 
Theorem 1.7. If A is a semiprime algebra, then A is m.s.p. if and only if, Q A is m.s.p., and in this case
In closing this section we collect, for further reference, the following characterizations of m.s.p. algebras in terms of the different annihilators outlined in Sec. 0. Note that, as a consequence of the implication (i) ⇒ (iv), the essential ideals of an m.s.p. algebra A are nothing but the dense ideals of A. 
Theorem 1.8 ([5, Theorem 2.6]). Let A be an algebra. Then the following assertions are equivalent:
(i) A is m.s.p.
Dense Ideals
Let A be an algebra, let B be a dense subalgebra of A, and let : M(B) → M(A) stand for the canonical embedding for the multiplication algebras. It is clear that
According to our notation, we can simply put Id(a), L b (a), and R b (a) for every a ∈ A without any risk of confusion, thus avoiding the use of subscripts and superscripts.
We begin with a result which is a variant of [12, Proposition 3.1].
Proposition 2.1. Let A be an algebra and let B be a dense subalgebra of A.
, and b ∈ B we see that
and so, by density of B in A, for each x ∈ A we have
Therefore L x and R x belong to S for every x ∈ A, and hence S = M(A). Recall that an algebra A is said to be prime if, for all ideals I and J of A, the condition IJ = 0 implies either I = 0 or J = 0.
Corollary 2.2. Let A be an algebra and let B be a dense subalgebra of A.
Then, for all elements a 1 , a 2 in A, the condition M(B)(a 1 )M(B)(a 2 ) = 0 implies M(A)(a 1 )M(A)(a 2 ) = 0. As a consequence, B is semiprime (respectively, prime) whenever A is semiprime (respectively, prime). 
and hence for each G ∈ M(A) we have
By applying again Proposition 2.1 we conclude that
as required.
For any semiprime algebra A, it is clear that
Proposition 2.3. Let A be a semiprime algebra and let B be a dense subalgebra of
A. If T in M CA (Q A ) satisfies T (B) = 0, then T = 0. As a consequence, B is a dense subalgebra of Q A . Proof. Let T ∈ M CA (Q A ) such that T (B) = 0. Write T = n i=1 λ i F i for suitable n ∈ N, λ i ∈ C A ,
and F i ∈ M(A), and put
Since L x GT (B) = 0 and B is dense in A, we deduce that L x GT (A) = 0, and consequently L x GT (Q A ) = 0. It follows from the arbitrariness of x and G that DM(A)T (Q A ) = 0. Since D is an essential ideal of A, property (P3) yields to T (Q A ) = 0, as required.
Corollary 2.4. Let A be a semiprime algebra and let B be a dense subalgebra of
Proof. Write T = S + λId QA , for some S ∈ M(Q A ) and λ ∈ C A . Note that, for x ∈ dom(λ) and
Since L x F T M(B)(q) = 0 and, by Proposition 2.3, B is a dense subalgebra of Q A , it follows from Proposition 2.1 that L x F T M(Q A )(q) = 0. From the arbitrariness of x and F we deduce that 
We can now formulate and prove the main result in this section. and hence the result follows from the above corollary.
Subalgebras of Q A of the Form eA
Let A be a semiprime algebra. For a given idempotent e ∈ C A , it is clear that eA is a subalgebra of Q A , and eQ A is the C A -subalgebra of Q A generated by eA. As a consequence eA is a dense subalgebra of eQ A , and consequently we have a canonical embedding M(eA) → M(eQ A ). Since the map ψ : A → eA defined by ψ(a) := ea is a surjective algebra homomorphism, it follows that ψ induces a lattice isomorphism from {I ∈ I A : ker(ψ)
Recall that there is a standard process to pass surjective homomorphisms to the multiplication algebras: If A and B are algebras, and if ψ is a surjective algebra homomorphism from A to B, then there is a surjective algebra homomorphism ψ We have: 
Proof. (1) Let F be in M(A). Note that, for each a ∈ A we have ψ (F )(ea) = ψ (F )(ψ(a)) = ψ(F (a)) = eF (a) = F (ea).
Therefore, for all λ k ∈ C A and a k ∈ A with 1 ≤ k ≤ n we have The following result plays a crucial role in the next sections and is interesting in its own right. 
Thus f is an M(A)-homomorphism. Finally, by Proposition 1.2(2), we obtain that f |f
is an essential ideal of A, we conclude that p = 0. Thus, property (P3) is fulfilled. (P4) Let J be a nonzero ideal of eA, and let f : J → eA be a p.d.c. on eA.
By Proposition 3.1(2), J is an M(A)-submodule of Q A , f is an M(A)-
homomorphism, and f |f −1 (A)∩A is a p.d.c. on A. Since, by property (P4) for Q A , there exists λ ∈ C A such that f (x) = λx for every x ∈ f −1 (A) ∩ A, it follows from Proposition 1.2(3) that f (p) = λp for every p ∈ J, and so f (p) = eλp for every p ∈ J. The proof of this property concludes, by invoking the equality Γ eQA = eC A above proved. [K] . Now, by Theorem 1.5, the π-closure of K in eA is given by Proof. If we combine Proposition 3.6 with Theorem 3.2, we see that
Corollary 3.3. Let A be a semiprime algebra, and let e be an idempotent in C
)A is a semiprime algebra. Moreover, note that
and hence e [I] C A and e [I] Q A are π-closed ideals of C A and Q A , respectively. By Proposition 3.6 applied to the algebras C A and Q A , we obtain that 
These isomorphisms allow us to regard C

Complementedly Dense Ideals
We say that an ideal I of an algebra A is a complementedly dense ideal in A whenever there exists an ideal J of A such that A = (I ⊕ J) ∧ . Simple examples of complementedly dense ideals are the direct summand ideals and the dense ideals. We begin by deriving some consequences of the continuity property for the ε-closure.
Proposition 4.1. Let A be an algebra, and let I be a complementedly dense ideal of A. We have:
(1) If K is an ideal of I, then K is a subspace of A such that KJ + JK ⊆ I ∩ J, and hence KJ = JK = 0. Therefore K is a subspace of A satisfying
and analogously A K ⊆ K. Thus K is an ideal of A. (2) Let z be in Z I . Then we have (1) and the continuity of the ε-closure, we realize that K is an ideal of A such that K 2 = 0. Therefore K = 0, and hence K = 0. Thus I is a semiprime algebra.
Another elementary properties of complementedly dense ideals are the following. 
Lemma 4.2. Let A be an algebra and let I be an ideal of A. If I is complementedly dense in A, then I is complementedly dense in A.
Proof. If I is complementedly dense in
Putting together Lemmas 4.2 and 4.3 we obtain the following result.
Proposition 4.4.
Let A be an algebra with zero annihilator, and let I be an ideal of A. Then, the following assertions are equivalent:
(iv) I is complementedly dense in A. Invoking the equivalence (i) ⇔ (vi) in Theorem 1.8, we deduce the following consequence. For a subspace S of M(A), the ε -closure S ∨ of S is defined by
The following two technical results provide useful tools to characterize complementedly dense ideals of a special type.
Lemma 4.7. Let A be an algebra and let P be an ideal of M(A).
We have:
(1) Note that PAnn(P) = 0 implies that Ann(P)(A) ⊆ P ann , and hence Ann(P) ⊆ [P ann : A]. Now, we can state and prove a result for ideals, which is in the spirit of Theorem 1.8. 
, we deduce that Ann(A) = 0, and hence, by Proposition 4.4, we have A = (I ⊕ Ann(I)) ∧ . Now, keeping in mind the continuity property for the ε-closure, for each F ∈ I ann we see that Finally, assume that the equivalent assertions in the statement are satisfied. Then, keeping in mind Corollaries 3.3(2) and 1.6(3), we see that e = e [eA] = e [eI] = ee [I] .
(4.1)
By interchanging the roles of I and Ann(I), and by taking into account Corollary 1.6(2), we also obtain that Putting together (4.1) and (4.2), we conclude that e = e [I] . Now, the stage has been set for the first goal of this paper. A is a nonzero semiprime algebra. Consider the map ϕ : A → λ∈Λ e λ A defined by ϕ(a) = {e λ a} λ∈Λ . It is routine to verify that ϕ is an algebra homomorphism such that the maps p λ • ϕ are onto. Note that, for a ∈ A and λ ∈ Λ, the condition 0 = e λ a implies that 0 = e [e λ a] = e λ e [a] (by Proposition 1.4(2)), and so e λ ≤ 1−e [a] . Therefore, for each a ∈ ker(ϕ), we realize that 1 − e [a] = 1 since 1 = λ∈Λ e λ , hence e [a] = 0, and so a = 0. Thus ϕ is injective. It is clear that, for each λ, e λ A ∩ A is an ideal of e λ A. Moreover, by Corollary 3.3(2), e λ A ∩ A is π-dense in e λ A, and hence an essential ideal in e λ A. Note that the fact that the e λ 's are mutually orthogonal yields to e λ A ∩ A ⊆ ϕ(A) for every λ. Finally, by [7, Proposition 3.2(v)], we conclude that, via ϕ, A is an essential subdirect product of the family of algebras {e λ A} λ∈Λ .
As a byproduct of the proof of the implication (i) ⇒ (ii) in the above theorem, we derive the following result, which is a generalization of [15, Lemma 8] . Let A be an algebra and let ∼ be a closure operation on the lattice I A of all ideals of A. The minimal ∼-closed ideals of A are nothing but the atoms of the lattice of all ∼-closed ideals of A. The algebra A is said to be ∼-decomposable if A is the ∼-closure of the sum of its minimal ∼-closed ideals. The next result reformulates [7, Theorem 3.7] by adding an equivalent assertion. 
